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MATEMATHUKA

WHTerpanbHble onepaTopbl B BECOBbIX MPOCTPAHCTBAX U3MEPUMbIX (DYHKLUM

Anppeinynk MapuHa HukonaesHa, marucTp;
KonteHok Enu3aBeta BuKTOpOBHa, Marucrp;
OpnoBa AHHa AHfipeeBHa, MarucTp
BpaHCKNIA rocyaapcTBeHHbIN yHUBEpCUTET UMeHun akagemuka . . MeTtposckoro

BeepeHue

Xopol1110 U3BECTHO, UTO UHTErpajibHble onepatopsl ¢ sapamu [lyaccona u Kowu npoektupytoT kiacchl ['enbaepa Ha enu-
HHYHOH OKPYKHOCTH Ha COOTBETCTBYIOLIHE Kaacchl aHanuTuieckux (yHkuuit ([ 1], [2]) Ha 3ToM ocHOBaHbl MHOTHE BONPOCHI
MaTeMaTHuecKoil (PU3MKH (TeopHst KpaeBbIx 3aaau thmna I Ipusanosa, ['uas6epra, Pumana u T. 1.) ([ 1], [2]) Omnako Bo MHOTHX
3ajayax KOMIJIEKCHOTO H (PYyHKI[MOHAJIBHOTO aHAJIH3a BOZHHKAET MOTPeOHOCTh TPOEKTHPOBAHHUS G0Jlee IIHPOKHUX KIaCCOB (yH-
KUMH, 3alaHHbIX HA TOM WJIM HHOM MHOKECTBE Ha COOTBETCTBYIOLLME TIPOCTPAHCTBA AHANTUTHYECKUX (PYHKLIMH.

B nocsiennue rojbl mosiB/sieTcsi MHOro paboT POCCHICKUX U 3apyOeKHbIX MAaTeMAaTHKOB MOCBSILLIEHHBIX TIPOEKTHPOBAHUIO
L npoctpanctsa cymMmmupyeMbix hyHKLMIl Ha BecoBble MpocTpaHcTBa Beprmana. DTH BONPOCH! H3JI0KeHb B U3BECTHBIX MO-
Horpacusx ([3], [4]) B atoii ctatbe Mbl mpojio/KaeM Hccae0oBaHKue Mo pobJeMaTiKe, U3/10KeHHOH B pabote [5]. BriepBbie
6bIJI0 3aMeUeHO, UTO UHTEerpaJjbHble OrepaTopsl ¢ sapaMu beprmMana mpoeKTHPYIOT KJacChl H3MEPHUMbIX B €AMHUUHOM Kpyre
(byHKIMI, MTPOM3BOAHAST KOTOPBIX MO YTy CyMMHpyeMa, 0To6pazkaeTcst Ha MPOCTPaHCTBA aHAJTUTHUECKNX (PYHKIMH YIOBIETBO-
PSIIOLLIMX TAKOMY 7K€ YCJIOBHIO.

B s100i cratbe Mbl J0KaxkeM OJIM3KHE TeOpeMbl B TOM CJydae, KOrja NPOU3BO/HAS 110 OJHOMY HANpaBJIEHHIO, CKAaXKeM T10
pajycy, UMeeT OIpe/e/IeHHbIH POCT MPH NPUOJHKEHHN K €IMHHYHON OKPYKHOCTH (B cJlydyae MoJynaoCKOCTH — K BElLECT-
BEHHOM OCH )

®opMynMpPOBKa 1 OKA3aTeNIbCTBO OCHOBHbIX Pe3Y/bTaToB CTaTby

Jnst popMysIMPOBKH J10Ka3aTe/IbCTBA OCHOBHBIX Pe3yJ/IbTaTOB BBEJEM CJle/lytoline 0603HaYeHHUSI.
+ +
Mycre € — «kommsekchas maockoers, C* — epxnsis  mosymiockoets, 1. e. C'={zeC:Imz >0},
D={z: |Z| <1} — epunnunbiii kpyr na kommexcnoii mockoetn C , H(D) — wmuoskectso Beex ananutuueckux dyHxiuii

B D. ITycrs nanee H(C™) — muosxectso ananurnueckux dynkuuii 8 C*

s
s+1 = ‘§‘2
Oq (Z,C = - , ¢,ze€ D — suapo Beprmana st Kpyra nopsiika S , a
ps (l_é,z)s+2
s
Bg (Z,é’) = (C(S);]s+2’ {,z€e ct — sipo Beprumana st moatyrockoern € nopsizka s |
-z

S
£ 1=l

dédn, e § =& +in,s >y —1. (1)
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T (f)(2)=c(s) | Bg(z,)f(&)dédn, me & =& +in,s>y—1
(C+
Ecn ¢9 — MOHOTOHHO BO3pacTaloliast MoJoKUTebHas (PYHKIHS Ha (0;+OO) ,a L(E) — MHOKECTBO H3MEPUMBIX (pyH-
KLHUHA Ha U3MEPUMOM MHOXKECTBe E, to

L°°( ) fel(D): |f(z)|<cf¢)( | |]Z€D

L°°(¢),C+)={feLO((C+):|f(x+iy)|£cf(p(lj,z=x+iyeC+},
y

e Cf — HEKOTOpOe MOJIOKHTE/IbHOE YHCJI0, 3aBHCsIIEe TOJLKO OT f, @ — HEeKOTOpasi MOHOTOHHO PACTYLLAS! T10JI0KH -
TesibHast pynkuus Ha R, = [0, +00), 7 — HEOTPHULATENbLHOE LIEJI0€ YUCJIO0, TO eCTh 1 € Z+

Kak ykasbiBasioch BbIllle, TaKHe OTepaTophbl ObLIH HecenoBanbl B LY npoctpancTax cymmupyembix dyskimit ([3], [4]).
Mbl ugyuaem rnoBeieHHe THX ONEPATOPOB B CJIEIYIOLUIUX TPOCTPAHCTBAX CYMMHUPYEMBbIX (DyHKIIHIL:

An( ) feH ‘f <Cfg0[ _1| J zeDy, (2)

Ay (go, ) {feH (C+ ‘f <Cf(p(1]z:x+iye(C+}

Onpedenenue. CkaxeM, 4T0 (yHKUHMs (D NPUHAIEKUT Kaaccy €2, ecim cylecTByeT MOJIOKHTENBHOE UYHC/IO C(/,,

Pex|_ Tew
o) | {

¢)(x) < C(p (xy +1) , TIpu BCex X € R_,_ W TIPH HEKOTOpOM )/ > 0.

[ @wdu_g(x)
i

du < o -p(x), I , X€ER,u ¢ ynosrersopsieT ouenke
1

TakKoe 4TO:
u

OcHoBHO¥H peE3yJbTaT CTATbHU SABJAAIOTCH JOKA3aTECJAbCTBO CJC/LYIOUINX ABYX YTBep}KﬂeHHﬁ.

n

Teopema 1.Ilycth dynkuus f wnterpupyema B D w Takasi, uto f 1 (rcos@,rsin@) NpUHAAJIEKAT KJaccy

r
Lo(g (D), npu HekotopoM 11 € £, t1ie (P € Q. Torna K roxe npunawiexur kiacey A, (@, D).

ayn

topom M€ Z . . Torna dynkuus T, [pUHALIEKUT Kaaccy A ,C+ 1. e. oneparop 1, oToOpaxkaet Mnpo-
. s n|® s

Teopema 2. [Tyct f — unterpupyema B C* u taxas, uto fu (x, y) npunamiexar kiaccy Logg ((C+)npn KO-

. o0 [ ~+
CTPaHCTBO (hyHKIHI N-ast IPOM3BOAHASI, KOTOPBIX MPUHAIEKHUT KJIaccy L¢ (C ) Ha mpocTpancTo Ay (gp,(C"‘) .

Hokasamenrocmso meopemol |

[TycTb dyHKims f — yl0BJIETBOPSIET yCIOBHIO:

)

-7

< Cf¢(Lj, Oel-mr],rel0;l],zeZ,



“Young Scientist” - #11 (58) - November 2013 Mathematics | 3

JlokaxkeM, 4To aHaAJIOTHYHAs OlleHKa CcrpaBe/yIuBa s (PyHKLHMH KS(") (f)(z) .
YKaszaHHyio oLeHKy Mbl ToJiyduM npi 7 =1, npu 72> 2 0CHOBHbIE PACCYKIEHHsT COXPAHSIOTCS], NOSABJISAIOTCS TOJNBLKO TexX-

HHYECKHE CJI02KHOCTH.

Wrak, nycts 1 =1. 3ametum, uto ykazanmblii unrerpas (1) abeosoto cxoautest, ecan f € Lc; (D)u s>y . Jeiictsu-

TeJIbHO, UMeeM

fj((l ||2)Sg0[ ! dednﬁc j((l |_|) dédn +1n

— |s+2 s+2
AW EMNET
B nocsienneii oleHke Mbl BOCMOJIb30BaNCh TEM, UTO @ € Q . y'-lI/ITbIBaH TaKz>Ke OILIEHKY
(1T ) C
I( s+2 < s=y
1-Cz (1-1z])

OKOHYAaTEJIbHO MOJYyYHUM!

|K<f><z>|s(c_(f—’;’%

rie C(f,(o) — MOCTOSIHHOE YHCJI0, 3aBUCSILLIE TOILKO OT f 1 @ .

1=

[Tepefiziem K olieHKe (hyHKIIHH KS’ (f) (Z) .

Bbruncsist nponssoznyio dynkunn K (f) noJiyyaem:

K;(f)zs;ljf g)(1—|;_| )S+(3s+2)§ sean 541 (S+2)H e f(re )( 2S)j3r2drd(p.
D (l—é’z) 1 re "’z)

[TpeoGpasyem BHYTpeHHHII MHTErpaJl, HHTEIPUPYS €ro M0 YacTsAM H YUHTbIBAs, UTO § > ¥, MOJTYUHM:

f re” (l—r ) ridr

1 = ! | re? \(1-r2) #2 —1 =
[ G - e

0 1—zre

~ | —f(rei"’)s+2 (Zr(l —r )s —r’s (1 —r )H Zr) dr— jgi(re"”)(l —r )S ;.dr

= —(S N 2)Ze_i(p 0 (1 - ZFe‘W)

Torna

K (1)() (s;—l){.:[(l f(F€ZZ))S+2 (Zr(l—rz)s _rzs(l_rZ)S’l zr)_z;[%[;%(rei¢>r2(1—r2)sj;w]dr

(l—zre v

:(s+1) Tl{ji(rew)rz(l— _l_j‘ f M (2r 1 r ) _FZS(I—#)”Zr)dr}d(/J.
Jz|%or 0 i

1 zre'l
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Bresiem caemytotiiie 0603HaueHus:

cof [ . s drd
h [ )0 e

i0
I, ::j.f(Lg)M@r(l r ) —rzs(l—rz)k1 2r)dr,ze D
0 (l—zre ’ )

Cuientytoast ouetka /| mosyuaercst craHzapTHbIM 06pasom (em. [5])

f 1
_I,, 11,(0)|d6 < Cfgo[—l_ P J

[Tepeiinem Kk olieHKe ]2 . Jois1 sTOrO CHAYaJia OLeHUM f ,YUUTBIBAS, UTO

of (2) 1
or ‘<Cf¢’(1—|z|j'

Nnmeem

r af
ot
Orciozia noJsiydaem

f(re?)+ £ (0)=[=(
| | ! dt<C, [I(p( JdtJrlj

0
Cnenaem 3aMeHy nepeMeHHoﬁ B [TOCJIe/IHEM HHTETpaJie, U = —— MOJIyUYUM

telﬂ

1

‘f(rem) <C, :r (pble) duSCfgo(ij(l—r) (3)

B nocsientedt olieHKe Mbl BOCTIOJNBb3YyeMCs TeM, UTO (DYHKLHUS () € Q. Bepuemest K ouenke 12. He orpannuuBast o611HOCTb,

MOXKHO MPEAINOJ0XKHThb, UTO O = |Z| ,E <p< I

Torna nosyunm:

| (6) <C(S){[|f—

|1 - Y+2 (l—rz)s dr +

[ (1) dr =) [ 1O+ 12(0)] (4)

Wurerpan J‘Iz1 (9) d @ ouenuBaercs cranmaptHbiM 06pasom (eMm. [3], etp.106). Ipyrumu cjioBaMi HETPYIHO YCTAHOBHTS,

j[l C(f, (0)[1 1| J (5)

2
JIst jokasatesibeTBa TeopeMbl 1 ocTaeTcst MosyuuTh COOTBETCTBYIOLLYIO OLLEHKY /151 '[12 (H)de.

-7
YUuUThIBast OLEHKY (3) UMeeM:

f}j( 9<c” |f(’”e’9)| SH (1 r)” j(p(u)

—16 s+2
-z 0 |
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CJaeoBateJibHO,

jlf(e)des c| j(lrz)s{p(li”jdrdesjgoil‘lrj(lrz)sdr.

20 |1 —zre ™

[TpuMensisi paccy»xneHust, UCTI0JIb3yeMble MPH J0Ka3aTesbCTBE Pe3ysIbTaToB B paboTe [5] 0Tciona OKOHYATENBHO MOydaeM:

Tﬁlf(@)d&s C(f,go)go(ﬁj (6)

OO6bennHsst olleHKy (4), (5), (6) mosyuaem:

1
zK/(z)<C 7
fx (oh<eef ) "

e p=|z|<1

Ho nockosibKy (yHKILHS K_i (Z) npunannexut kiaccy H (D), To us ouenku (7) HeMeIGHHO CleyeT yTBEpyKICHHE TeO-
peMmbl.

Teopema nokasana.

ﬂOKaSaTeﬂbCTBO TEOPEMbBI 2 MPOBOAUTCH,  aAHAJOTHYHBIM o6pa30M, YYUTBIBast CBOHCTBA sAapa BeprlvlaHa

S
c(s
B (Z,C:) = i, (,ze (C+ JJ151 TIOJTYTJIOCKOCTH.

(éT B Z)s+2

3ameuanue. Mcnosib3ys MHTerpanbHOE NpeicTaBieHue aHATUTHIECKOH (DYHKIIMHU 110 CBOKCTBAM sijipa beprmana uepes Be-
ILIECTBEHHYIO YaCTh U Kaaccuueckue TeopeMbl [IpuBasosa u Xapau-JIntasyaa us teopembl | 1 TeopeMbl 2 cpasy CIelyerT, uto,
€CJIM TapMOHHYECKast PYHKIIMS U B 3aMKHYTOM Kpyre HMEET MOJIyJib HETMPEPLIBHOCTH M, TO TAPMOHHUECKHE COTPSIKEHHbIE (yH-
KIIMK GYIyT HMETh TAKOH ¥Ke MOJTyJTb HEMPEPBIBHOCTH B 3aMKHYTOM KPYTe, eCJIH M YIOBJETBOPSIET XOPOLIO H3BECTHOMY YCJIOBHIO
Bapu-Creukuna (cM. [6]).

Jlureparypa:

1. Mycxequmsunn H. M. Cunrynsipable nHTerpasbHble ypaBHeHHs. [ paHHUHbIe 3aaun Teopuk (PYHKIMH H HEKOTOPbIE HX

npusioyKeHust K Marematudeckoi pusnke. M.-JI. locrexusnar. 1946 r. 448 c.

FaxoB @. J1. Kpaesbie 3anaun. M.:Hayka, 1977 r.

Djrbashian M. M., Shamoyan F. A. Topics in theory of ..4"; spaces, Teubner — Verlag, Leipzig, 1988.

H. Hedermalm, B. Korenblum, K. Zhu. Theory of Bergman spaces, Springer — Verlag New York, 2000.

M. H. Anppeituuk, E. B. Kontenok, A. A. OpJsioBa MHTerpasbHble onepaTopbl ¢ siipamMmu THia beprmana B mpoctpaH-

CTBaX aHA/INTHUECKUX (DYHKIIHI, C 3a1aHHbIM MOJlyJieM HerpepbiBHocTH // Mosonofi yuenbiit. — 2013. — Ne 8 (55) —

c. 1-5.

6. bapu H. K., Creukun C. b. Hannyutine npu6skenust v nudpdepeHiianbible CBOUCTBA JABYX COMPSKEHHDIX PYHKIMN
// TMMO, Tom 5, 1956.

o o
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MpuBeaeHue K TPUroHOMETPUYECKOM NpobaemMe MOMEHTOB Ha MpUMepe 3aAauu
raweHus KonebaHuit NpAMOYrosibHO MeM6paHbl, 6aNIK1u U NPAMOYrONbHOM NAACTUHDI

Atamypatos AHppeit YneHbaesuny, acnupaHT
MATW — Poccuiickuii rocyfapcTBeHHblil TexHonorndeckuin yausepcutet umenn K. 3. Linonkosckoro (r. Mocksa)

Paccmampusaemcesa 3adaua npusederus K mpueoHOMempuyecKol npodieme MOMEHMO08 NPu Uccaedo8aruU 3a0ayll
eaulenus Koaeobanuil Ha npumepe Uccaedo8anul makux CMpyKmyp KaKk npamoyeoLbHas memopana, 6aika u npamoy-
20NbHASL NAACTUHA.

Karuesoie caosa: npamoycorvrnas membpana, 6aika, APAMOYS0LbHAA NAACMUKA, KOACOAHUS CUCmeMbl, Memod
Dypoe, mpucorHomempuueckas npoobieMa MOMEHMOB.

BBeneHue. HMcenenoBanue kosnebGaHuil U He3aMeNIUTEbHAST PEAKLUsl HA pa3pylIUTe/bHble BO3ACHCTBUS OT HUX MMEET
BaKHYIO HE TOJILKO HayUHYIO, HO TIPAKTHYECKYI0 3HAUUMOCTb /151 0011ecTBA. CKOJIBLKO MOXKHO Obl10 Obl TPEIOTBPATUTD He-
CUACTHBIX CJydaeB, ecsiv Obl yAAI0Ch MPEIOTBPATUTD paspyllieHne MeXaHHUeCKUX KOHCTPYKIMH B CBSI3H C BHEILIHUM BO3/IEHCT-
BUeM. Heo6Xoaumo co3naBaTh MHCTPYMEHTBI, KOTOPbIE MO3BOJISIN Obl Gy/lydl BCTPOEHbBI B TEXHHUKY MPEA0TBpalllaTh Nof06HbIe
SIBJIEHUST WJIM TIPelynpexkaaTh 0 HUX 3apaHee. Ho i/st 3Toro Heo6XouMo HayunThest GBICTPO aHAIM3UPOBATHL KoJiebJTtolecs
NPOLIECCH U OLIEHUBAT JaJibHelllllee pa3BUTHE CUTyallMH, UTO TpeGyeT MOJUMUKALMH B CYLIECTBYIOIIUX TTOJX0/1aX.

B sr1oit pabote OyneT MokasaH KJACCUYECKUH MOAXOJ K PELIeHHI0 TaKUX 3a1ad — TMpUBeleHUe K MpobjeMe MOMEHTOB.
[TosyueHHble nMpo6GaeMbl MOMEHTOB OTHOCATCSA K TPUTOHOMETPHUECKUM MpoOJeMaM MOMEHTOB W SABJSIOTCH J0BOJBLHO-TAKHU
CJIOXKHBIM HHCTPYMEHTOM TMOJIyUeHHS YIIPABJSIOUIEH (DYHKIHH.

B nanno#i pa6ote petaercst npo6jema KoseGaHHH CI0KHBIX MEXAHUUECKHUX CTPYKTYp Ha MpUMepe MpsiMOyroJIbHOH MeM-
6paHbl, 6aMKK U MPSIMOYToJbHOH MacTuHbl. Kaxknasi u3 3THX MeXaHUUeCKHX CTPYKTYp HMEET psijl CBOMX 0COOEHHOCTeH, KO-
TOpble TPeOYIOT OT/IEJIbHOI0 PACCMOTPEHHSI OTHOCUTEJILHO KAXKI0H U3 HUX.

3ajaua rauieHus KojiebGaHUi MPAMOYroJbHOU MeMOpaHbl. KosieGaHusi TaKUX CTPYKTYp KaK MPSIMOYroJibHble MeMOpaHbl
OMUCHIBAIOTCS YpaBHEHHEM 00111ero BUa

2
u,=a (uxx +uyy)+g(t,x,y), t>0,0<x</,0<y<l,,a=const. (1)
HauanbHble OTKJIOHEHHST H CKOPOCTDb MEepEMEUICHHNS STOro NepBoOHavYaJbHOTO BOSMYUICHHUSA M€M6paHbI

”(O’X’y):Ho(xay)vuz(o’xay):Hl(x’y) (2)

6y1LeM paccMaTpuBaTh KakK HadaJibHbI€ YCJIOBHUSI. Ha rpaHuie HpﬂMoyFOﬂbHOﬁ MeM6paHbI HaJI02KUM YCJIOBUE 3aKpeJeHHs
COIJIaCHO

u(t,O,y):u(t,ll,y)zu(t,x,O):u(t,x,lz)z 0 (3)

3anaua rauieHust KoJieGaHUE TIPSIMOYroJibHOH MeMOpaHbl (hopMyJUpyeTcsl CJeaylolniuM oOpa3om: TpeOyeTcsi HAWTH
YIPaBJSIOULYI0 (DYHKLHIO g(t,x,y) (M3 HEKOTOPOTO KJIacca), MO3BOJISIIONLYIO 38 KOHeuHoe BpeMsi 1 TIOJTHOCTBIO MOracHTh
HauaJibHble BO3MYLLEHHS (2), TO eCTh

u(T,x,y)zO,u,(T,x,y)zO (4)

,D,J'IH HaydaJia H€O6XO[LI/IMO MOJIY4YUTb aHaJIMTHYECKOE pellleHue, YTOo C/ieJ/laTh [MOCMOTPEB [9] HOJ’Iy‘{aeTCf{, 4YTO pelIeHHEM
ypaBHeHm{ ABJIAETCHA

© t
ult,x,y)= Z Zn,m cos(axln,mt)+ En,m sin(axln,mt)jL ! J‘gn’m (r)sin[aﬂn,m (t- r)]dr sin(,u”x)sin(vmy)
n,m=1 n,m 0
()
rie Zi’m =V, f= lﬂ’ y="" anist cooeTBennbix hynkimii X = sin(4x) , ¢ kospduumentamu psna Oypoe
B L 1 2
A, =—[ [ 1y (x, y)sin(u,x)sin(v,,y)dxdy (6)
L, 5%
_ 4 4h . .
B,, = m!!hl (x, y)sin(g,x)sin(v,, y Jdxdy . (7)

e g, ., (t) noJiyuaetcst no popmyJie KoahuirenTon psia Pypoe
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L b

2] e p)sin(a, sin(y, s (8)
llZ 00

st Toro, 4yToGbl MOJYYUTh TPUTOHOMETPHUECKYIO CHCTEMY MOMEHTOB /15l 3alauM ralleHdsl KoJeOaHUi MpsiMOyroJibHON
MeMOpaHbl HEOOXOMMO aHAJTUTHIECKOE pellieHre ypaBHEHHUS (D) MOJCTaBUTD B YCJIOBHS raiineHus (4)

A4, cos(amT)+ B,, sin(a A T)+
sin(\//Tn x)sin(\/z y) =0

F L Te sifaz, (- or

- am/?w sin(aMT)+ amgn’m cos(aMT)+
jgn,m (r)cos[a\/a(T - r)]df

0
Haury cucrema MoMeHTOB (9) MOXKHO Mepenucath CaAeayolUM 06pasom

T

J.gn’m (z‘)sin[aJ/in,m = T)]dl’ =—a.4,,, (Zn,m cos(aJ/In’m T)+ B, sin(aJﬂn)m T))

0

].gn,m (r)cos[m/im (T - T)]dr =—a\A,,, (— Zn’m sin(aJﬂn’m T)+ Emm cos(aJ/lm T))
0

YMHOXKas1 Ha MHUMYIO €IUHULLY i , CKJ1a/lblBasi ypaBHEHHsI B CUCTEME, e€ MOXKHO MPUBECTH K BUAY

T

_[gn’m (T)cos(m [ 2 r)dr =—qa ﬂ,n’m En’m
,

J‘gm (r)sin(aﬂMn’m r)dz' = a4, me

0

Cucrema (11) 1 ecTb HcKOMast TPUTOHOMETpHYeCKas po6JieMa MOMEHTOB /15T TIPSIMOYTOJIbHOH MeMOpaHbI.
3anaua rauwenus kogedanuit 6anku. Kosebanust 6ajky onucbiBaloTCs runepoosndeckuM ro IlerpoBckomy ypaBHeHHEM

gnm

sin( u, x)sin( v, y): 0

(11)

u, :—azumx+g(t,x), 0<t,0<x<!,a=const (12)
HauanbHble OTKJIOHEHHS U CKOPOCTDb MNepeMeLLIEHHUs 5TOro nnepBoHavyajJbHOIo0 BO3SMYLIEHHU Oanku
u(0,x)= hy(x), u,(0,x) =, (x). (13)

OyfeM paccMmaTpuBaTh Kak HadasbHble ycjoBusi. Ha KoHuax 6Gafku Hal0KUM YCJOBHSI HEXECTKOTO (IIapHHPHOTO)
3aKpervieHus

u(t,0)=u_(2,0)=0, u(t,))=u_(t,1)=0. (14)

3anaua raienust KoseOaHuil G6aaku HOpMyJSHpYeTCs CJAEIyoUM 06pa3oM: TpeOyeTess HAUTH YIPaBJSIOLLY0 (HYHKIHIO
g(l‘,x) (M3 HEKOTOPOTO KJjacca ), Mo3BOJISIOLLYIO 3a KoHeuHoe BpeMst 1 MOJHOCTbIO TOracHTh Haua/ibHble BoaMmylieHus (13),
TO €CThb

u(T,x):O,ut(T,x)zo (15)

Jloist Havasna HeoOXOAMMO TOMYUHTh aHATIUTHYECKOE pellieHHe, UTO MOXKHO CeNaTh ucnosb3oBaB Meton Pypoe. Torna mbl
MOJIyYHM, YTO PellieHHeM ypaBHEHHUS OyaeT

ul(t,x)= i A, cos(au,ft)+ B, sin(a,uft)+ 12 jg (7)sin|a’ (¢ ]dr sm( ),(16)
au

n=0 n 0

e A, = ,u: S M, =—,, n=12,.. ckospduunenramu psina Pypbe

2

[
A, = %j‘ho (x)sin(ynx)dx (17)
0
B, = sz.hl (x)sin(,unx)dx, (18)

au,l
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B, = sz[hl (x)sin(,unx)dx, (18)
au,l sy

rie g, (l‘) noJsiyuaetcst no gpopmyJie koahuuprenton psina Pypoe

gn Ig t, x sm(ynx)d (19)

s Toro, qTo6b1 TOJyYHTh TPUTOHOMETPHYECKYIO CHCTEMY MOMEHTOB J1/Is1 3aauHl ralleHus KojieGaHui 6aaKn HeoGX0AMMO
aHaJIMTHUECKOe pelleHue ypaBHeHus (16) moacraButh B yc/10Bus rauenus (15)

A, cos(ayfT)+ B, sin(a,ujT)+ a,L112 ]‘gn (T)sin[ayj (T - r)]dz} sin(,un x)= 0
L n 0
i t ' (20)
—au’A, sin(a,u,fT)+ au’B, cos(a,ufT)+ - [Ign (r)sin|au’ (t - r)]dr} sin(,unx): 0
ap, \ 5
Ha_lLuy crcreMa MoMeHTOB (20) M0O2KHO TlepenucaTh CJeAyIolM 06pasom -
Ig sinfau; (T T)]dZ' =—au, [A cos(a,u T)+ B, sm(a,u T)]
(21)
Ig cos|ap? (T - r)]dr =—ay; [— A, s1n(a,u T)+ B, cos(a,ujT)]
yMHO)Kaﬂ Ha MHUMYIO €IMHULLY I , CKJIA/IbIBAsi yDABHEHHsI B CUCTEME, €& MOXKHO [IPUBECTH K BHJLY
-[g cos a,u r)dz' =—au’B,
(22)
'[gn (r)sin(a,ufr)dz' =au’A,
CIfI)CTeMa (22) sKBUBaJsIeHTA CJIEIyIOlIEH CUCTEME MOMEHTOB
]- ( ) exp(ia,ufr) dr— au’ (iZn —En)
18, HexP(ia'u'fTM Hexp(ia,uj r} o)
].g (r) exp(— za,u,fr) dr—— a,u,f (iZn + En )
0 Hexp(— iap r}‘ Hexp(— iau’ rl‘

Cucrembl (22) 1 (23) 1 ecTb HCKOMAst TPUTOHOMETPHUECKast TpoGeMa MOMEHTOB JIJIsi TPSMOYTOJIbHOH MeMOpPaHbl.
3agaua raweHus kKosnebaHuil npsiMoyroibHOHW muaacTuHbl. Kosebanuss Masble nonepedHble KoJjeOGaHHs yNpyroi
M30TPOIMHON MJIACTHHbI OCTOSIHHOMN TOJILIMHBI ONUCbIBalOTCsl ypaBHeHHeM YKapmen-Jlarpatxa

pu, =—DAAu+g(t,x,y), 0<t 0<x<l, 0<y<l, (24)
ER’
e D = al—z) — U3ruGHAast XKECTKOCTh [UIACTHHKH; V — Kos(duiment [lyaccona; £ — monyab HOnra;, p —
-V
yebHasl TVIOTHOCTb HA €IMHHIly TMJIOUIaAM MJacTHHKK; ! — Bpems. Ilns Gosbliero yno6CTBa 3TO ypaBHEHHE MOXKHO
IPUBECTH y BHILY
u, =—a’AMu+g(t,x,y), a = const (25)
HavanbHbie OTKJIOHEHNE U CKOPOCTh €r0 pacnpocTpaHeHus OyIeM paccCMaTPUBATh KaK HadasbHbIe YCIOBHS
u(0,x,v)=hy(x,y), u,(0,x,y)=h(x, ). (26)
Ha KoH1ax niacTHHbl HAJI0KUM YCJIOBHS IAPHUPHOTO 3aKPerIeH s
ul, =0, Au| =0 (27)

3anaua rauieHust KoJieGaHUE TIPSIMOYroJibHOH MeMOpaHbl (opMyJaHpyeTcsl cleaylolniuM obpa3om: Tpebyercsi HAWTH
YIPaBJSIOLLYI0 (DYHKLHIO §(l‘,x,y) (M3 HEKOTOPOTO KJIacca), MO3BOJISIIONIYIO 38 KOHeYHoe BpeMsi 1 TOJIHOCTBIO MOracHTh

HauaJibHble Bo3mylenusi (11), To ecThb
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u(T,x,y)=0, u,(T,x,y)=0 (28)
,H.HH HayaJsia HeOOXOJAUMO MOJIYYUTb aHAJIUTHYECKOE pelIeHHne, YTO MO2KHO CAeJ/IaTh UCITOJIb30BAB METO/L CDypbe. Toma MbI
MOJIyYUM, UTO pellieHHeM ypaBHeHHs OyIeT

0

ult,x,y)= > | 4,, cos(aﬂ,i,mt)+ B,, sin(alj’mt) i jgn . s1n[a 20 r)]dr sin(u,x)sin(v, y)  (29)
a

n,m=1 n,m 0
4 4
e ﬂn,m = 4111/:, + ,u: =4 lﬂ + l@ , ¢ Koappuuuentamu psia Pypoe
1 2
A
4, = Ijh x, y)sin(g, x)sin(v,, y )dxdy (30)
L, 5%
- 4 .
B,, = I !;_!h x, y)sin(z,x)sin(v,, y )dxdy (31)

re g, . (t) nostydaetcsi no opmyJie KospuireHToB psaa Oypbe
ll 12

2o (t) = [ [ gt y)sin(u, x)sinv, ) (32)
112 "%

J17151 Toro, 4TOGbI MOJTYYUTh TPUTOHOMETPUUECKYIO CHCTEMY MOMEHTOB [IJIsi 3a/1a4H ralieHust Kose6aHnui Ganku Heo6X0IUMO
aHaJIUTHUYeCKOe pellleHre ypaBHeHust (29) MoacTaBuTh B ycjoBuUs rauieHus (28).

Zn’m cos(a/limT )+B sm(a/In ol )+ ) j. Zom (r)sin[a/li’m (r —T)]dz' sin(u, x)sin(v, y)=0
n,m 0 (33)
—all A, sin(a/li’mT )+ ail,B,, cos(axli ) )+.T[ g, (z)cosarl (T —r)]dr sin(g, x)sin(v, y)=0
Hamy cUcTeMa MOMEHTOB (33) MOXKHO TepenucaTh C./(I)eﬂyIOLLLI/IM o6pazom
I g, (t)sinjad (T - r)]dr =—al 4, cos(ali’mT ) al B, sm(aﬂi T )
; (34)
]. g, (7)cos a/i (T- r)]dr =al A, sin(aﬂi,mT )— all,.B,, cos(ali T )
yli)/[HO}KaH Ha MHUMYIO €/IMHUILY i, CKJ1aJibiBasi YypaBHEHHSA B CUCTEME, €€ MOXKHO NPUBECTH K BULY
T Zom (T)cos(ali,mr)dr =—al. B, ,
. (35)
J.gn,m (T)sin(axli,mr)dr =aX A,
CISCTeMa (35) sKBUBAJIEHTa CJIEYIOLIEH CUCTEME MOMEHTOR
T . 2 2 T n
\ exp(laxln)mr) _ at, (lAn’m - Bn,m)
!gﬂ,m (T}Hexp(ia/limrl‘ ’ ‘exp(iaﬂi’mrX i
JT- ) exp(— ial;, T) o ar,, (iZn’m + En’m) (50)
Sl }Hexp<— ial, 1‘ - Hexp(— iaﬂj’mrn

Cucrembl (35) 1 (36) 1 ecTh HCKOMast TPUrOHOMETpHUYeCKast TpoHJieMa MOMEHTOB J/Isl [TPSIMOYTOJIbHOH MeMOPaHb.

JlaHHble TpUroHoMeTpUuecKue npodaeMbl MOMEHTOB TPeOyIOT JajbHEHIINX HccaenoBanuid. Ho, Kak M0oxKHO yBUAETb, pe-
lLIEHHE TIOJYYUTh U3 HUX He TaK YK U rnpocto. [Tostomy pazpabaTbiBaloTCsl ajibTepHATHBHbBIE MOJXO/bl K PELIeHHIO 33/l ra-
ILIEHUsI, OCHOBAHHbIE HA YHCJEHHBIX MeTojax [2—9]. UncyieHHble METOMIb pellleHus 3aauu raieHust KojeOaHui siBJseTcs
OueHb yIOOHBIM. DTH CMOCOOBI AAIOT BO3MOXKHOCTh aBTOMATH3alLlMH Tpoliecca o6HapyKeHHsl H HccaeoBaHus JedopMali-
OHHOH KapTHHbI 00bEKTa, MPH 3TOM HE 3aBHCHT OT BbIOPaHHBIX (PYHKLMH B KauecTBe HauyaJbHbIX YCJa0BUH. Beé 910 M MHOTHE
JIpyrue MNpeuMyLLecTBa MOTYT CTaTh GOJbLIMM MOACNOPbEM Vsl Aa/IbHEHILIET0 HCCeI0BaHUS U pa3pabOTKK HOBbIX METOIHK.
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MonyyeHue MHTErpanoB aHeprum ans NPAMOYrosibHOW MeMOpaHbl, 6anku
U NPAMOYroJibHOM NJIACTUHDI

Atamypatos AHapeit JueH6aeBuy, acnnpaHT
MATU — Poccuitckuii rocynapcTBeHHblit TexHonornyeckuit yusepcutet umenn K. 3. Linonkosckoro (r. Mocksa)

Pacemampusaemces 3adaua noayuenus QyHKYUOHAAA, KOMOPbLLI NOAHOCNbIO ONLUCLIBAIOM 8Ce BO3MOMNCHbLE COCIMO-
AHUS pusuteckoeo 06veKma 0as YynpasaeHus um. Imon QYHKYUOHAA HA36IBACMCS UHIMePAIoM IHepeuU. B cmamoe
npusedervl CHOCOObL NOAYHUEHUA UHMERPALA IHEepeUU HA NPUMEPe NPAMOY20LbHOUL MeEMOPAHbL, OANKU U NPAMOYEOAbHOL
NAQCIUHbL.

Karuesoie caosa: npamoyeorvHas menbpana, 6aika, NPamoyeoLbHas NAACMUHA, KOACOAHUS cucmemsl, ynpas-
AeHUe, UHmeepaa IHepeuu.

BBeneHue. PaccmaTpuBas 3aiaun ynpaBsieHsi KAKUHMU-TM00 (PU3HUECKUMH TPOLleCCaAMH HeJIb3s1 He OTMETHTh 3a/1auk, OTHO-
csIlMecst K 3a7auaM o rallleHuH Kosie6aHu# pasandHbIX Gusnuecknx o6beKkToB. [logo6Horo posa 3anaiun UMEIOT OrpoMHOe
MpPHUKJagHOe 3HaYeHHe MOCKOJIbKY MOTYT MO3BOJIUTh YIPABJSATH Pa3/JUuHOTO Poja MpoleccaMd pa3pylieHnH U 1aTh BO3MOXK-
HOCTb CTaOWJIM3UPOBATh 0OEKT 10 padpylluenus. B 1aHHoi o6aacT BeyTesl UCC/IeI0BaHNs, OCHOBAHHbIE TPEUMYLLECTBEHHO
Ha YMCJEHHBIX METOAX pelleHns Takux 3aay [ 1 —7]. Ho kak Jito6as 3anaua ynpasJjenusi, rauieHue Kojebauuii Tpedyet o0b-
eKTa ynpasJenus. ¥ kak Obl 9T0 He 3BydaJio napaaokcajibHO, yIpaBJieHHe OCYLLECTBASAETCS He HaJl CAMUM 00BEKTOM, a Hajl
onpeseiéHHOH TPYNTIUPOBKOM €ro (hU3MUeCKUX CBOUCTB, HEKUM (DYHKIIMOHAJIOM, KOTOPBIH OMHCHIBAET BCe BO3MOXKHbIE COCTO-
sIHUST 00'bEKTA HCCIE/IOBAHNS BO BPEMEHH.

B s10i1 paGoTe GyaeT nokasaHo, Kak HalTH Takne (yHKIIMOHAJIbI, KOTOPbIE HA3bIBAKOTCS MHTErpaJaMi SHEPTHH, HA TIPUMepe
NPSIMOYTOJILHON MeMOpaHbl, OaJIKK U MPSIMOYTOJbHOMN MJIACTHHDI.

UnTerpan saHeprum npsimoyrosbHoii memopanbl. KosieGanusi Takux CTPyKTyp Kak IpsiMOYroJibHble MeMOpaHbl OMUChIBA-
I0TCSl ypaBHEeHHEeM 001Lero Bua

u, =a2(uxx +uyy)+g(t,x,y), t>0,0<x</[,0<y<l,,a=const. (1.1)

HauanbHble OTKJIOHEHHS U CKOPOCTDb MepeMelleHUs1 STOro nNepBoHadyaJbHOTO BO3MYILIECHU A MEMépaHbl

u(0,x,y)=H,(x,y). u,(0,x,y)= H,(x, y) (1.2)
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6y,£l,eM paccMaTpuBaTh KakK HadaJiIbHbI€ YCJIOBHUSI. Ha rpaHuie HpHMoyFOJIbHOﬁ M€M6paHbI HaJIO2KHUM YCJIOBUE 3aKpelJIeHHUs
COIJIaCHO

u(t,0,v)=ult,1,,y)=u(t,x,0)=u(t,x,1,)=0 (1.3)
Ymesepocdenue. [lycmo @ynkyus u(l,x) dsancool HenpepolsHo OJugbghepenyupyema 8 3amkHymoti obaacmu

Q:0<x</[,05y<,,0<5¢t<T, ussasemes pewenuen 3a0a4u
_ 2
utt =da (uxx +uyy)

u(0,x,y)=u,(0,x,y)=0 (1.4)
u(t,O,y) = u(l,l1 ,y) =0
u(t,x,0)=u(t,x,l,)=0

T — npoussorvro gurcuposarroe noroxcumersroe wucio. Toeda u(t, x) =0 s o6aacmu Q.

2
JloxasartesbeTBO. YMHOXKHMM ypaBHeHHe U, = d (uxx +u y) Ha U, n npounTerpupyem o odsaactu 2. [osyunm

thi

IIJ“n u,dydxdt = a III U, +uu [)dydxdt (1.5)

000 000
3aMeTuM, 4To

uu, = %%(uf) (1.6)

U [103TOMY
t il L1

J-J'J.uﬂ ,dydxdt——J.I.[ )dtdydx——f” t,x, y 0 X,y ]dx——“. 2dydx (1.7)

000 000

Jlasnee, mpumeHum 1pa pasa MHTErpPUPOBAHKE MO YACTSIM K I€PBOI CyMMe MPaBoH 4acTH paBeHCTBa B ypaBHeHnH (1.5)
t 1

j-j[].u u dydxdt—J..[ t ll,y)u t, ll,y) (tO y)u (tO % ]dydt__.”.“ | dydxdt

000

‘ 11 L (Ll 11 L

j”u ,dydxdt_——j” | dydxdt = ——jf (1%, ) - u? (0,x, y))dydx :__” mdr (18)

2900
dro pasenctBo (1.8) mosyumnoch  Graromapst  Tomy, 4TO U, (t,O,y) = ,(l‘,ll ,y) =0 nonyyaercs w3
i depeHIpoBaHist  YCAOBHH u(t,(),y) = u(l‘,l1 , y) =0 mo t, a u, (O,x,y) =0  nonydaercs, ecau

nponuhepeHInpoBaTh yCJI0BHE u(O,x,y) =0 no x. lanee, NnpuMeHUM JBa paza HHTErPUPOBAHKE MO YACTAM KO BTOPOF

CyMMe NpaBoil YaCTH paBeHCTBa B ypaBHeHUH (1.5)
t Ll

_”uyyutdydxdt:j.]‘[uy(t,lz,y)u,(t,lpy) tO y)u tO y ]dydt——j}ii dydxdt WU
00 000
I}

11 )

!
!

L t il Iy
IJ.uy u,dydxdt = ——J:” | dydxdt = ——-” t X, y) ( ,x,y))d = ——IJ 2a’ydx (1.9)
00 207%%
dro pasenctBo (1.9) momyumsoch Gsarogapsi  TOMy,  UTO (t, x,0)= (t x,1 ) nojiyuaetcst U3
U depeHUMpOBaHUs  YCIOBHH u(t,x,0)= u(t,x, lz)= 0 no t, a wu ( X, ) foJlydyaercsi,  ecJyu
npoauddpepeHUHpOBaTh yCAOBHE u(O,x,y)= Onoy.
CJ]eLLOBaTeJ]bHO
—Iju +au +a’u )dydx:O (1.10)
I/IHTerpaﬂ

“‘u +a’u’ +a’u )dydx (1.11)
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Ha3BIBAETCSI HHTETPATIOM SHEPTHH MPSMOYroibHoil MemOpatbl. Mbi Bumim, uto E(t)= 0. lanee, 3 paBencrsa Hyiio
MHTErpasia 3Heprud CJeLyeT, 4To U, (t, x,y) =u, (t,x,y) =u, (t, x,y) =0 Bo6aactu . 3uauur u(t, x) = const

B o6nactn (). A Tak kak QyHKIUs u(t,x) HenpepbigHa B o6nacti { u u(O,x) =0 cnenyer, uto u(t,x) =08 Q.
Wurerpan snepruu 6anku. KosieGanusi 6a/iki ONMHUCHIBAIOTCS THIIepGodeckiM 1o [leTpoBckoMy ypaBHeHHeM

u, =—a‘u_ +g(t,x), 0<t,0<x<[,a=const (2.1)
HauanbHblie OTK/IOHEHHST H CKOPOCTDb MepeMelLleHHUs1 TOro rMepBoHavYaJbHOI0 BO3MYLIEHHS OaJiku
u(0,x) = hy(x), u,(0,x)=h,(x), (2.2)

Oy/leM paccMaTpMBaTh Kak HayajbHble ycaoBHsl. Ha KoHuax Gaskd HaJOXKUM YCJ0BHS HEXKECTKOro (LIapHUPHOrO)
3aKperieHus

u(t,0)=u_ (6,0)=0, u(t,l)=u_(2,1)=0. (2.3)
Ymeepowdenue. [lycmo gynkyus u(t,x) yemolpedcool HenpepoleHo duggeperyupyena & samkHymot obaacmu
Q:0<x<[,0<t<T,usasraemcsa pewenuen 3adauu
utt = _a4uxxxx
u(0,x)=u,(0,x)=0
u(t,0)=u_(2,0)=0

ult,l)=u_(t,1)=0

T — npoussorvro gukcuposarnnoe nosozxcumersvroe ducio. Toeda u(t,x) =0 s o6uacmu Q.

(2.4)

4
JokasarenbcTBO. YMHOKUM ypaBHeHHe U, = —d U Ha U, u npounrerpupyem 1o obiactu (2. [Tosydnm

XXXX
t t
J.junutdxdt a4j
00 0
3ameTum, 4to

w,u, = %%(ﬂf) (2.6)

¥ TI03TOMY

jjut,utdxdt——jj )dtdx——” t, x x:%j.ufdx. (2.7)
00 0

Hanee, IpuMeHHM JiBa pa3a HHTErPUPOBAHHUE T10 YACTSIM K ITPaBOK YaCTH paBeHCTBA B ypaBHeHHH (2.5)
1 1 ! !

juxxxxutdx M u |10 - Iumumdx =u (t’l)um (t’l)_ ut (t’o)uxxx(t’o)_ juxxxutxdx - quxxutxdx

0 0 0 0

DTO PaBEHCTBO MOJyuHsIoCch GJarojaps Tomy, 4To U, (t,O) =u, (t,l) =0 noayuaercst uz auddepeHIUpPOBaHUS YCIOBUH

u(t,O) = u(t,l) =0. Janee

u_ udxdt. (2.5)

XXXX

[SY

ittt = Tt =, b 1) 10, .0M 00+ [t = [0,
CaienoBaTesibHO ' ' '
%iu?dx:—a4iiumuLudxdt (2.8)
TTockoJibKy —(ufx ) =2u_u, ,10(2.8) npeoGpasyercst K BUy
—J- de——ij.jg xdt (2.9)
2 6t

TOFﬂa MO2KHO 34alliucCaThb

! 4 1
ljufdx+a—'[uixdx=0. (2.10)
2 0 2 0 (
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Wuterpan, noaydennsiii u3 (I12.10)

l 4

1 a

E(t)= || zu? +=u, |dx (2.11)

2 t 2 xx
0

Ha3bIBACTCsl UHTErpajioM 3HEPruu Oanku. Mbl BHUJIHUM, 4YTO E ) a.nee U3 paBEHCTBA HYJIO HMHTErpaJia 3Hepruu

CJIeIyeT, uto U, (t,x)z U, (t, x) 0 Bo6aactu 2. 3uaunt u(t x): const BoGnactn €. A rtak Kak (yHKLHsI u(t x)

HenpepbiBHa B €2 u u(O,x): 0 caemyer, uto u(t,x)z 08 Q.
Unterpan sHepruu npsimoyrojibHoi maactunbl. KosebGanuss MaJble mnomnepeuHble KoJeOaHUs YNPyroil H30TPOMHON
MJIaCTHHBI MOCTOSTHHOMN TOJIILIMHBI ONHUCKIBAIOTCS ypaBHeHueM JKapmeH-Jlarpanxka

,ou”=—DAAu+g(t,x,y),0<t,0<x£ll,0<ySl2 (3.1)
ER’
e D= al—z) — WU3ruGHast KECTKOCTh MUIACTHHKH; V — Ko3(duiment [lyaccona; £ — momyab IOnra; p —
-V
y/lesibHasl MJIOTHOCTb HAa €IMHUILYY MJOLIAAM TJIacTHHKM; § — Bpems. st Gosbllero yno06CcTBa 3TO YpaBHEHHE MOXKHO
MIPUBECTH Y BUILY
u, =—a’Au + §(t, x,y), a = const (3.2)
HauasbHble oTK/IOHEHHE H CKOPOCTDL €ro pacnpoCTpaHeHHUst 6y[[eM paccMmatpuBaTh KakK HadaJibHbI€ YCJIOBHUSsI
u(O, x,y) = h, (x,y), u, (O,x,y) =h, (x,y). (3.3)
Ha KOHLaxX MaaCTuHbl HAJ102KHUM YCJOBHS LHAPHUPHOI'O 3aKperJeHHus
ul, =0, Au| =0 (3.4)

Ymeepodenue. [lycmo gynryus u(l,x) yemolpedcdol Henpepul8Ho duggeperyupyena 6 samkHymot obaacmu

Q:0<x<[,0<¢t LT, ussrsemes pewenuen 3adauu

utt =—a ( XXXX +uyyyy)
u(O, x,y) =u, (O,x,y) =0

(3.5)
u|r =0
Au|r =0
T — npoussorvno gukcuposannoe noroxcumenrsvroe 4ucio. Toeda u(t,x) =0 s o6aacmu Q.
ﬂOKaSaTeﬂbCTBO. YMHOXKHUM YpaBHEHHE u” = —a4uxxxx Ha ut U IPOUHTETPUPYEM T10 006.J1aCcTH Q . HOJTy‘-H/IM
P P ‘0
J.Iju“ u,dydxdt = —a* J.II ol Avdxdt + Ijj u,,udydxdt |. (3.6)
000 000 000
3aMeTuM, 4To
10,
uu, =——I